Abstract. Rajchman measures of locally compact Abelian groups are studied for almost a century now, and they play an important role in the study of trigonometric series. Eymard's influential work allowed generalizing these measures to the case of non-Abelian locally compact groups G. The Rajchman algebra of G, which we denote by B 0 (G), is the set of all elements of the Fourier-Stieltjes algebra that vanish at infinity.
Introduction
Amenability of a group is a fundamental notion in analysis that was originally introduced by von Neumann in 1929. This remarkable property has many equivalent definitions and various interpretations. For instance, one can think of amenability as the existence of a translation-invariant averaging condition for a locally compact group. In 1972, Johnson defined amenable Banach algebras as those satisfying a certain cohomological property [20] . The choice of terminology was inspired by Johnson's well-known theorem demonstrating the equivalence of amenability for a locally compact group and its convolution algebra [20] . The concept of amenability turned out to be extremely fruitful in the theory of Banach algebras. For example, Connes [4] and Haagerup [15] showed that for C * -algebras, amenability and nuclearity coincide.
We recall that a measure µ in the measure algebra of a locally compact Abelian group is called a Rajchman measure if lim χ→∞μ (χ) = 0.
The importance of Rajchman measures first became apparent in the study of uniqueness of trigonometric series. In 1916, Menshov showed that there are closed sets of Lebesgue measure zero which are not sets of uniqueness [24] . In his proof, Menshov constructs a probability measure µ supported in a set of Lebesgue measure zero whose Fourier transform vanishes at infinity. This is one of the earliest examples of measures in M 0 (T) which do not belong to L 1 (T). Hewitt and Zuckerman generalized this result for all non-discrete locally compact Abelian groups [18] .
In his influential work, Eymard [9] defined the Fourier and Fourier-Stieltjes algebras of locally compact groups, and studied many of their properties. This in particular gave rise to a natural generalization of Rajchman measures. The Rajchman algebra associated with a locally compact group G, denoted by B 0 (G), is the set of elements of the Fourier-Stieltjes algebra which vanish at infinity. It is easy to see that the Rajchman algebra is indeed a Banach subalgebra of the FourierStieltjes algebra. Note that the Rajchman algebra of a locally compact Abelian group can be identified with the algebra of Rajchman measures on the dual group, denoted by M 0 (Ĝ).
The Rajchman algebra of a locally compact group G is the smallest algebra that contains the coefficient space associated with every C 0 -representation of G. The C 0 -representations of a locally compact group have been studied in various papers such as [37] and [19] . Understanding such unitary representations and their coefficient spaces, which are certain subspaces of B 0 (G), is important due to their applications in other areas of mathematics such as the theory of automorphic forms and ergodic properties of flows on homogeneous spaces (e.g. see [25] and [33] ).
The purpose of this article is to investigate B 0 (G) as a Banach algebra. We obtain a characterization of the locally compact groups that have amenable Rajchman algebras. Namely, we prove that amenability of the Rajchman algebra of a group is equivalent to the group being compact and almost Abelian, which in turn is equivalent to the amenability of its Fourier-Stieltjes algebra. On the other hand, we present examples of groups, such as non-compact Abelian groups and infinite solvable groups, for which Rajchman algebras do not even have a bounded approximate identity. This shows that Rajchman algebras behave widely in terms of amenability, since the existence of a bounded approximate identity is a necessary condition for amenability or the so-called operator amenability of an algebra.
Many important Banach algebras in harmonic analysis, e.g. the Fourier and the Fourier-Stieltjes algebras, are operator spaces as well. Thus, it is natural to also define the notion of operator amenability in order to take the operator space structure into account. Combining the famous theorems of Johnson [20] and Ruan [28] , one observes that for a locally compact group, the amenability of the L 1 -algebra and the operator amenability of the Fourier algebra are equivalent. This fact leads one to suspect the analogous relation between the measure algebra and the FourierStieltjes algebra. For a locally compact group, it has been shown that the measure algebra is amenable if and only if the group is discrete and amenable [6] . Since compactness is the dual notion to discreteness, it is natural to conjecture that the operator amenability of the Fourier-Stieltjes algebra is equivalent to the compactness of the group. In 2007, Runde and Spronk [31] found surprising examples of noncompact operator amenable Fell groups. These examples disproved the conjecture, and left the characterization of operator amenability of the Fourier-Stieltjes algebras wide open. Our investigation leads us to believe that Rajchman algebras of many locally compact groups seem to have as rich a structure as their FourierStieltjes algebras, and can be used as a crucial stepping stone in the study of the operator amenability of the Fourier-Stieltjes algebras. . The remainder of this article is organized as follows. In Section 2, we provide the necessary background, review some basics of noncommutative harmonic analysis, and briefly discuss induced representations. In Section 3, we study M 0 (G) for non-discrete locally compact Abelian groups. Among other results, we show that the Rajchman algebra of a non-discrete locally compact Abelian group does not have an approximate identity, which implies that it is not (operator) amenable. In Section 4, we discuss the functorial properties of Rajchman algebras in certain cases such as SIN-groups. A locally compact group is called a SIN-group if it has a neighborhood basis of the identity consisting of pre-compact neighborhoods which are invariant under inner automorphisms. This is a very natural class of groups which contains all Abelian, all compact and all discrete groups. These functorial properties allow us to extend our non-amenability results to all noncompact connected SIN-groups. The results in Section 4 are used in Section 5 to establish the sufficient and necessary conditions for the amenability of Rajchman algebras. In Section 5, we also present examples of large classes of locally compact groups, such as non-compact connected SIN-groups and infinite solvable groups, for which Rajchman algebras are not operator amenable.
Preliminaries
Let G be a locally compact group with the Haar measure λ G . Let the group algebra of G, denoted by L 1 (G), be the Lebesgue space L 1 (G, λ G ). Recall that L 1 (G) equipped with pointwise addition and convolution is a Banach algebra. Let M (G) be the space of complex-valued Radon measures on G. We define the convolution of two measures µ and ν in M (G) to be
for every f in C c (G), the set of compactly supported continuous functions on G. The measure algebra M (G) equipped with the total variation norm is in fact a Banach algebra, which contains the group algebra as a closed ideal.
Let H be a Hilbert space, and U(H) denote the group of unitary operators on H. A continuous unitary representation of G on H is a group homomorphism π : G → U(H) which is WOT-continuous, i.e. for every vector ξ and η in H, the function ξ * π η : G → C, g → π(g)ξ, η is continuous. Functions of the form ξ * π η, for vectors ξ and η in H, are called the coefficient functions of G associated with the representation π. One can extend π to a non-degenerate norm-decreasing * -representation of the Banach * -algebra
for every f in L 1 (G) and vectors ξ and η in H. We use the same symbol π to denote the * -representation extension as well.
For a locally compact group G, the Fourier-Stieltjes algebra of G, denoted by B(G), is the set of all the coefficient functions of G equipped with pointwise algebra operations. Eymard [9] proved that B(G) can be identified with the dual of the group C * -algebra of G. Moreover, the Fourier-Stieltjes algebra together with the norm from the above duality turns out to be a Banach algebra. The Fourier algebra of G, denoted by A(G), is the closed subalgebra of the Fourier-Stieltjes algebra generated by its compactly supported elements. Clearly, the Fourier algebra is a subalgebra of C 0 (G), the algebra of continuous functions on G which vanish at infinity. In the special case of locally compact Abelian groups, one can identify the Fourier and Fourier-Stieltjes algebras with the L 1 -algebra and the measure algebra of the dual group respectively. In addition to the Fourier and Fourier-Stieltjes algebras, one can define the Rajchman algebra associated with a locally compact group G to be B 0 (G) = B(G) ∩ C 0 (G), which can be identified with the algebra of Rajchman measures on the dual group in the Abelian case. It is easy to see that the Rajchman algebra is indeed a Banach subalgebra of the Fourier-Stieltjes algebra.
Let π be a continuous unitary representation of G on a Hilbert space H π . Let A π (G) denote the closed subspace of B(G) generated by the coefficient functions of G associated with π, i.e.
It is easy to see that A π (G) is a left and right translation-invariant closed subspace of B(G). Conversely, by Theorem (3.17) of [1] , any closed subspace of B(G) which is left and right translation-invariant, is of the form A π (G) for some continuous unitary representation π. Elements of A π (G) have certain forms as described below.
Theorem 2.1.
[1] The Banach space A π (G) consists of all the elements u in B(G) which are of the form
where ξ n and η n belong to H π and
and the infimum is attained.
Let A be a Banach algebra, and X be a Banach A-bimodule. The dual space X * can be naturally equipped with dual module actions as below.
Then X * is an A-bimodule, called a dual bimodule. A bounded linear map D from A to an A-bimodule X is called a derivation if for all a and b in A,
A Banach algebra A is called amenable if every continuous derivation D from A to a dual A-bimodule X * is inner, i.e. it is of the form
for an element x of X * . A Banach algebra A is called a completely contractive Banach algebra if A has an operator space structure for which the multiplication map m : A × A → A is a completely contractive bilinear map. Similarly, an operator space X is a completely contractive A-bimodule if X is an A-bimodule, and the left and right module actions extend to completely contractive maps on A⊗X and X⊗A respectively. Operator amenability is defined analogue to amenability. A completely contractive Banach algebra A is operator amenable if every completely bounded derivation from A to a completely contractive dual A-bimodule is inner. One can refer to [8] for more information on operator spaces.
2.1. Induced representations. The most important method for producing representations is to induce representations for G from representations of its subgroups. The resulting representation is called an induced representation. Let H be a closed subgroup of a locally compact group G, and q be the quotient map from G to G/H. Assume that the quotient space G/H admits a G-invariant measure µ, i.e. ∆ G | H = ∆ H . One can always normalize the invariant measure µ on G/H such that for every f in C c (G),
where dx and dh denote the Haar measures of G and H respectively. Let π be a unitary representation of H on a Hilbert space H π . To define the induced representation Ind G H π of G, we first define the new Hilbert space F to be · F0 -completion of the set F 0 , where
and for every f in F 0 ,
Hπ dµ(xH).
The induced representation Ind
G H π of G is now defined to be left translations of functions in F .
We usually work with a total subset of F described as follows. Let C c (G, H π ) denote the set of continuous compactly supported H π -valued functions on G. Then the mapping
is well-defined, and P(C c (G, H π )) = F 0 . Let α be a function in C c (G), and ξ be a vector in H π . We define f α,ξ to be
It is easy to see that f α,ξ is a compactly supported H π -valued function, and the set
is a total subset of F . The reader may refer to [11] for details on basic representation theory of locally compact groups, and to [30] for the theory of amenable Banach algebras.
Locally compact Abelian groups
Throughout this section, let G be a locally compact Abelian group, and M 0 (G) be its algebra of Rajchman measures. Let M c (G) denote the set of all continuous measures in M (G), i.e. the set of complex bounded Radon measures on G which annihilate every singleton. Clearly M c (G) and
to be the set of all measures in M c (G) (respectively M 0 (G)) which are supported in the set E.
Let G be a locally compact Abelian group, and P be a subset of G. Let k(P ), called the torsion of P , denote the smallest positive integer k such that {kx : x ∈ P } = {0 G }, if such an integer exists. Otherwise, set k(P ) = ∞. The set P is called strongly independent if for any positive integer N , any family {p j } N j=1 of distinct elements of P , and any family of integers {n j } N j=1 , the equality N j=1 n j p j = 0 G implies that n j is a multiple of k(P ) for each 1 ≤ j ≤ N , unless k(P ) = ∞, in which case n j = 0 for each 1 ≤ j ≤ N . A reduced sum on a strongly independent subset P of torsion k(P ) is a formal expression i∈Iṅ i p i , where I is a possibly empty finite index set, p i 's are distinct elements of P , and
It is easy to see that every x in Gp(P ) can be expressed uniquely (up to equivalence) as a reduced sum.
Finally, recall that a closed subspace B of M (G) is called an L-space if it satisfies the following condition.
If µ, ν ∈ M (G), ν ∈ B, and µ ≪ ν, then µ ∈ B. Note that the above definition of an L-space is equivalent to the definition of a band, which has been used in [38] .
In his rather difficult and technical paper [39] , Varopoulos proved that if G is a non-discrete metrisable locally compact Abelian group, then there exists a perfect strongly independent subset P of G such that M + 0 (P ) = {0}. The following lemma shows that one can assume that such a subset P is compact as well.
Lemma 3.1. Let G be a non-discrete metrisable locally compact Abelian group. Then there exists a compact perfect strongly independent subset P of G such that M + 0 (P ) = {0}. Proof. By [39] there exists a perfect metrisable strongly independent subset P ′ of G which supports a nonzero Rajchman measure µ 0 . It is known that M 0 (G) is an L-space [14] . Therefore, without loss of generality we can assume that µ 0 is a positive measure. Note that µ 0 (P ′ ) > 0 and µ 0 is a Radon measure, therefore there exists a compact subset
, because it is a positive measure supported in K and dominated by µ 0 . Note that supp(µ 0 ) is still a perfect set, because µ 0 is a continuous measure. Let P = supp(µ 0 ). Clearly P is a strongly independent set, since it is a subset of the strongly independent set P ′ . Hence P is a compact perfect strongly independent subset of G with M 0 (P ) = {0}.
Two measures µ and ν are said to be mutually singular, denoted by µ⊥ν, if there exists a partition A ∪ B of G such that µ is concentrated in A and ν is concentrated in B.
Lemma 3.2. Let G be a non-discrete metrisable locally compact Abelian group, and P be a compact perfect strongly independent subset of G such that M 0 (P ) = {0}. Then 1. If x and y are distinct elements of
Proof.
1. First note that if x and y are distinct elements of G then |(x + P ) ∩ (y + P )| ≤ 2. Indeed, assume that there exist distinct elements z 1 and z 2 in (x + P ) ∩ (y + P ). Then there are p 1 , p 2 , p ′ 1 , and p
. Therefore x − y should be an element of P − P . Note that since z 1 = z 2 and x = y, we have
Note that the element x − y in P − P can be expressed uniquely (up to permutation) as a reduced sum on P , i.e. one of the following cases happens:
, and x − y = −p 1 − p 2 is the unique representation of x − y in −P − P . Taking permutations into account, there are at most two possibilities for p 1 and p 2 , which implies that
Therefore, every continuous measure µ on G treats the sets x+P as disjoint sets, i.e. µ((x + P ) ∩ (y + P )) = 0 for distinct elements x and y in G. Thus M c (x + P ) ⊥ M c (y + P ), and in particular M 0 (x + P ) ⊥ M 0 (y + P ). 2. For any finite number of points x 1 , . . . , x n in G,
Theorem 3.3. Let G be a non-discrete locally compact Abelian group. Then M 0 (G) cannot have an approximate identity.
Proof. First assume that G is metrisable, and let P be a compact perfect metrisable strongly independent subset of G such that M 0 (P ) = {0}. By Lemma 3.2, the sum x∈G µ(x + P ) is convergent for any measure µ in M 0 (G). Therefore only for at most countably many x in G, µ(x + P ) is nonzero. Let ν be an element of M 0 (G), and note that the function x → µ(x + P ) is equal to 0 ν-a.e. Therefore,
Now suppose that {µ i } i∈I is an approximate identity of M 0 (G). Let µ 0 be a nonzero measure in M 0 (P ). Observe that µ i * µ 0 (P ) = 0 and µ 0 (P ) > 0. This implies that the net {µ i * µ 0 } i∈I does not converge to µ 0 . Therefore M 0 (G) does not have an approximate identity.
For a general non-discrete locally compact Abelian group G, let H be a compact subgroup of G such that G/H is metrisable and non-discrete. Let q denote the quotient map from G to G/H. The map q induces an isometric Banach space isomorphismq :
Clearly φ, which is in fact the dual ofq, is a surjective norm-decreasing Banach algebra homomorphism. Moreover,
Suppose that {µ i } i∈I is an approximate identity of M 0 (G). Then the net {φ(µ i )} i∈I is an approximate identity of M 0 (G/H). Indeed, for any ν in M 0 (G/H) there exists µ in M 0 (G) such that φ(µ) = ν, and
This contradicts the fact that the Rajchman algebra of a metrisable non-discrete locally compact Abelian group cannot have an approximate identity.
Let G be a non-compact locally compact Abelian group. Then the dual group G is non-discrete. Recall that the existence of a bounded approximate identity is a necessary condition for (operator) amenability of a (completely contractive) Banach algebra. Hence Theorem 3.3 implies the following corollary. 
Functorial properties of B 0 (G)
Let G be a locally compact group and H be a closed subgroup of G. Then the set of restrictions B 0 (G)| H is a subspace of B 0 (H), which we will show is also closed. The extension problem asks whether every function in B 0 (H) has an extension in B 0 (G). It has been proved that for every closed subgroup H of a locally compact group G, one has A(G)| H = A(H) (see [36] or [17] ). In fact, every function in the Fourier algebra of H can be extended to a function of the same norm in the Fourier algebra of G. Unfortunately, the analogue of this result does not hold in general for the Fourier-Stieltjes algebra. However, for a locally compact group G and a closed subgroup H, it has been shown that B(H) = B(G)| H if G is Abelian, or if H is open, or compact, or the connected component of the identity or the center of G. Moreover, Cowling and Rodway [5] answered the extension problem of the Fourier-Stieltjes algebras in affirmative for the case of SIN-groups. In this section, we prove similar results for Rajchman algebras. The proof of Theorem 4.3 is motivated by that of Cowling and Rodway [5] .
Let us first observe that the restriction map r : B 0 (G) → B 0 (H) is not surjective in the case when G = ax+b and H = 1 b 0 1 : b ∈ R ≃ R. Indeed, Khalil [21] showed that B 0 (G) = A(G). Using the functorial properties of the Fourier algebra together with the fact that B 0 (R) = A(R), it is clear that B 0 (G)| H = B 0 (H).
In a consequent paper, we show that the restriction map between the Rajchman algebras of SL 2 (R) and its certain subgroups fail to be surjective as well. Proposition 4.1 follows form Proposition 2.10 of [1] . In order to be self-contained, we include the proof in the present paper. 
where π| H is the restriction of the representation π from G to H. This implies that u| H belongs to A π|H (H). On the other hand, let v be an element of A π|H (H). Applying Theorem 2.1 (ii) again, we get
where ξ ′ n and η ′ n belong to H π and
Then w belongs to A π (G) and w| H = v. Hence A π (G)| H = A π|H (H), and the latter is a closed subspace of B(G) by definition.
Finally, for every u in B(G), we can find a representation u(x) = π(x)ξ, η such that u B(G) = ξ η . Then u| H (h) = π| H (h)ξ, η , and u| H B(H) ≤ ξ η = u B(G) . Lemma 4.2. Let H be a closed subgroup of a locally compact group G such that ∆ G | H = ∆ H , and π be a representation of H.
Proof. Let µ be the nonzero positive invariant measure of G/H normalized such that for every f in C c (G),
For any ξ in H π and v in C c (G), we define the compactly supported function f v,ξ : G → H π , x → v(x)ξ. Let η and w be elements of H π and C c (G) respectively, and compute the coefficient function of Ind G H π corresponding to Pf v,ξ and Pf w,η .
where in the last equality, we used the normalized relation stated in Equation (2) . Observe that for each x in G, the following integral is bounded.
since P |v| belongs to C c (G/H). Let ǫ > 0 be given, and define
. Since ξ * π η belongs to C 0 (H), there exists a compact subset
−1 , and note that K is compact. It is easy to see that if x and h are elements of G \ K and K 1 respectively, then v(x −1 gh)w(g) = 0 for every g in G. Hence, for each x in G \ K,
which implies that Pf v,ξ * Indπ Pf w,η belongs to C 0 (G). Finally note that the set {Pf v,ξ : v ∈ C c (G), ξ ∈ H π } forms a total subset of the Hilbert space of the representation Ind π , therefore
Hence, A Indπ (G) is a subset of C 0 (G) as well.
A locally compact group is called a SIN-group if it has a neighborhood basis of the identity consisting of pre-compact neighborhoods which are invariant under inner automorphisms, i.e. their characteristic functions are central. Recall that a function ν : G → C is called central if for every g and g ′ in G, we have ν(gg ′ ) = ν(g ′ g). Examples of SIN-groups are Abelian groups, compact groups, and discrete groups.
It is easy to see that SIN-groups are unimodular. Moreover, every closed subgroup of a SIN-group is again a SIN-group. Proof. Let dg and dh denote the Haar measures of G and H respectively. Note that G/H admits a G-invariant measure dġ, since ∆ G | H = ∆ H . Moreover assume that these measures are normalized so that Equation (2) holds. Let π 0 be a representation of H satisfying B 0 (H) = A π0 (H), and let F π0 (H) be the set of all the linear combinations of the coefficient functions of π 0 . By Lemma 4.2, every coefficient function of the induced representation Ind π0 of G vanishes at infinity. Hence by Proposition 4.1 to prove that r is surjective, it is enough to show that
Let {U α } α be a basis of relatively compact neighborhoods of the identity in G. For each α, let V α be a relatively compact neighborhood of e G such that V
Since G is a SIN-group, there exists a net {v α } α of nonnegative continuous central functions which are not identically zero and satisfy supp(v α ) ⊆ V α . Observe that for each α, the functionv α * v α is a nonnegative continuous function supported in U α . Moreover,
for each α. Then {U α ∩H} α is a basis of relatively compact neighborhoods of the identity in H, and the net {u α } α is a bounded approximate identity of L 1 (H) consisting of nonnegative continuous functions (see Theorem A.1.8. of [30] ). It is clear that for every function g in C(H), and for every vector ϑ in H π , the following equations hold.
Fix an element f = ξ * π0 η of F π0 (H), and consider the function F α defined as in Equation 3 .
where we used the unimodularity of G and H. Note that
by (4) . Hence A Ind π 0 (G)| H is dense in F π0 (H) and we are done. (1) When H is the center of G.
(2) When H is an open subgroup of G Proof. Let dg and dh denote the Haar measures of G and H respectively. In either of the above cases, the quotient space G/H admits a G-invariant measure dġ that can be normalized to satisfy Equation (2) . Define π 0 , A π0 (H), and F π0 (H) as in the proof of Theorem 4.3. Again, we only need to show that A Indπ 0 (G)| H is dense in F π0 (H).
Case 1:
Suppose that H is the center of G. Let {U α } α and {V α } α be bases of relatively compact neighborhoods of e G in G such that is a nonnegative continuous function supported in U α ∩ H, and the net {u α } α forms a bounded approximate identity for L 1 (H). Fix an element f = ξ * π0 η of F π0 (H), and consider the function F α defined as
where
For every h ′ in H, we have
where we used the unimodularity of H. Note that
Case 2:
Assume that H is an open subgroup of G, and dh is the restriction of dx to the open subset H. Let {U α } α be a basis of relatively compact neighborhoods of e G in G such that U α ⊆ H for each α. Fix a net {u α } α of nonnegative continuous functions which are not identically zero and satisfy supp(u α ) ⊆ U α . Observe that the net {u α } α forms a bounded approximate identity for both L 1 (H) and L 1 (G). Fix an element f = ξ * π0 η of F π0 (H), and consider the function F α defined as
Note that
by Equation (4). Hence A Ind π 0 (G)| H is dense in F π0 (H) and we are done.
One of the most natural questions about B 0 (G) is to characterize the groups G for which the Rajchman algebra properly contains the Fourier algebra. In 1966, Hewitt and Zuckerman [18] proved that the inclusion of A(G) in B 0 (G) is proper for every non-compact locally compact Abelian group G. On the other hand, in his study of the representations of ax + b group, Khalil [21] proved that the Rajchman algebra and the Fourier algebra coincide in this case. The question is open in general.
A locally compact group G is called an AR-group if the left regular representation of G decomposes into a direct sum of irreducible representations. Clearly R is not an AR-group. On the other hand, compact groups and ax+b group are examples of AR-groups. Figà-Talamanca proved that if G is a unimodular non-compact locally compact group for which A(G) = B 0 (G), then G is an AR-group ( [10] and [10] ). In [3] , Baggett and Taylor showed that the above result holds even without the unimodularity condition. This result together with Theorem 3.1 of [23] implies that B 0 (G) is larger than A(G) for any non-compact IN-group G. As a corollary of Theorem 4.3, we can easily obtain this result for the special case of non-compact connected SIN-groups.
Since G is a non-compact connected SIN group, it has a non-compact Abelian closed subgroup H. By the surjective-ness of the restriction map for SIN groups we have,
where we have used the fact that for any locally compact group G and its closed subgroup H, the restriction map between the Fourier algebras are onto. But A(H) = B 0 (H) for any non-compact Abelian group.
Amenability properties of Rajchman algebras
In this section, we use the following hereditary property of (operator) amenability to extend the results of Section 3. Let A and B be (completely contractive) Banach algebras, and φ be a surjective (completely) bounded homomorphism from A to B . If A is (operator) amenable then B is (operator) amenable as well (see Section 2.3 of [30] ). It is very easy to see that a similar property holds for the existence of a bounded approximate identity, i.e. Proposition 5.1. Let A and B be Banach algebras, and φ be a surjective bounded homomorphism from A to B . If {u α } α∈I is a bounded approximate identity for A then {φ(u α )} α∈I is a bounded approximate identity for B.
Moreover, a closed ideal of an amenable Banach algebra is amenable if it is weakly complemented. Finally recall that the existence of a bounded approximate identity is a necessary condition for (operator) amenability of a (completely contractive) Banach algebra. The reader may refer to [30] for more details. We are now able to characterize the groups G whose Rajchman algebras are amenable.
Theorem 5.2. Let A be a closed subalgebra of B(G) which contains B 0 (G). Then A is amenable if and only if G is compact and has an Abelian subgroup of finite index.
Proof. Suppose G is compact and has an Abelian subgroup of finite index. Then B 0 (G) = A = B(G), and it is amenable by Corollary 4.2 of [22] .
Conversely, suppose that A is amenable. Since B 0 (G) and A(G) are complemented ideals of A, they are amenable as well. Hence, by the characterization of amenable Fourier algebras by Forrest and Runde [13] , G is almost Abelian, i.e. it has an Abelian subgroup H of finite index. Note that H is clearly an open subgroup. Hence by Theorem 4.4 the restriction map r : B 0 (G) → B 0 (H) is surjective, which implies that B 0 (H) is amenable as well. Since H is Abelian, by Corollary 3.4 the amenability of B 0 (H) implies that H is compact. Therefore G is compact as well.
The question of characterizing the operator amenability of B 0 (G) turns out to be difficult. In the rest of this paper, we prove extreme cases for operator amenability of B 0 (G). First note that if G is compact then B 0 (G) = B(G) = A(G), and B 0 (G) is operator amenable [28] . For certain groups such as Fell groups and the ax + b group, the associated Rajchman algebras are non-amenable, but they are operator amenable. Indeed, it has been shown for both cases that the Rajchman algebra and the Fourier algebra coincide (see [29] and [21] ), and are operator amenable due to the amenability of the groups themselves [28] . On the other extreme, we show that the Rajchman algebra of a connected non-compact SIN-group and SL 2 (R) cannot be operator amenable.
Proposition 5.3. Let G be a non-compact connected SIN-group. Then, B 0 (G) does not have a bounded approximate identity, and is not operator amenable.
Proof. Since G is a non-compact connected SIN-group, it is of the form G = R n ×K, where K is a compact subgroup. Hence R n is a closed subgroup of the SIN-group G, and by Theorem 4.4, the restriction map r : B 0 (G) → B 0 (R n ) is a surjective completely bounded algebra homomorphism. Now suppose that B 0 (G) is has a bounded approximate identity. Then by Proposition 5.1 B 0 (R n ) also has a bounded approximate identity, which contradicts Theorem 3.3. Hence B 0 (G) does not have a bounded approximate identity, which implies that it is not operator amenable.
Remark.
Let GL n (R) and H n (R) denote the general linear group and the Heisenberg group of degree n respectively. Using an argument similar to the proof of Proposition 5.3, one can see that the Rajchman algebras B 0 (GL n (R)) and B 0 (H n (R)) do not have bounded approximate identities, and are not operator amenable. Indeed, we only need to consider the restriction map from each group to its center, and notice that the center of each group is non-compact.
5.1. Special linear group. Let us now consider the case G = SL 2 (R). We use the notations from [11] and parametrize the dual space SL 2 (R) through its identification with the following family of representations: trivial representation: ι, principal continuous series: {π + it : t ≥ 0} ∪ {π − it : t > 0}, discrete series: {δ ±n : n ≥ 2}, mock discrete series: δ ±1 , complementary series: {κ s : 0 < s < 1}.
We use the results of Repka [27] and Pukánszky [26] regarding the decomposition of tensor products of unitary representations of SL 2 (R) to observe that B 0 (SL 2 (R)) is not (operator) amenable. One may refer to [11] , [7] and [1] for more details regarding direct integrals. The author would like to thank Viktor Losert for pointing her attention to the above-mentioned results.
Proof. Let µ denote the Plancherel measure on SL 2 (R). Recall that the Plancherel measure of the complementary series, mock discrete series, and the trivial representation is zero. Moreover, by Harish-Chandra's trace formula the Plancherel measure on the principal and discrete series is defined as
Therefore, by Proposition 8.4.4 of [7] , the left regular representation λ is quasiequivalent with the representation
Let mĜ denote the renormalized Plancherel measure given in (5) . Define the new representations
and
and observe that the matrix coefficients A Π + 0
are contained in A(G). Note that these representations are used in the direct integral decomposition of tensor products of irreducible unitary representations of SL 2 (R). In fact, Repka [27] proved that if π and π ′ are irreducible unitary representations of SL 2 (R) then
where Π is a subrepresentation of Π + 0 or Π − 0 , and ≃ q denotes the quasi-equivalence of representations.
For irreducible unitary representations π and π ′ of G, let m π,π ′ denote the measure onĜ which appears in the direct integral decomposition of π ⊗ π ′ . By [27] , m π,π ′ is absolutely continuous with respect to the Plancherel measure mĜ onĜ r , and supp(m π,π ′ ) contains at most one element from the complementary series. Now let u and u ′ be elements of the coefficient spaces A π and A π ′ respectively, with trace operators T π and T π ′ such that
Finally let u and u ′ be elements of B 0 (G). By Corollary 3.55 of [1] , there exist positive measures µ and µ ′ onĜ such that
where {T π } π∈Ĝ and {T
⊕ respectively. Therefore by (6) we have,
For a unitary representation π of G, letπ denote the surjective map generated by π from VN ω (G) to VN π (G), where ω is the universal representation of G. Note that every unitary representation π of G extends to a nondegenerate norm-decreasing * -representation of C * -algebras from C * (G) to C * π (G), which identifies C * π (G) with a quotient of C * (G). Then the dual map π * identifies B π (G) with a subset of B(G), and we haveπ = (π * | Aπ ) * .
Hence for every S in VN ω (G), we havẽ
Now fix a positive real number t. Then π 
where we used the fact that m π,π ′ is continuous on the principal continuous series. Therefore S vanishes on B 0 (G) 2 but does not vanish on A π
is a subset of B 0 (G) (e.g. an easy consequence of Kunze-Stein phenomena). Thus we conclude that B 0 (G) is not square-dense.
The following corollary is a natural consequence of Theorem 5.4 together with Cohen factorization theorem on Banach algebras with bounded approximate identities.
Corollary 5.5. Let G denote the group SL 2 (R). Then B 0 (G) does not have a bounded approximate identity, and is not (operator) amenable.
Remark. We recall that a (completely contractive) Banach algebra is (operator) weakly amenable if every (completely) bounded derivation of the algebra into its dual space is inner (see [2] for the Banach algebra case and [12] for the operator space setting). Spronk [34] , and independently Samei [32] , showed that the Fourier algebra of a locally compact group is always operator weakly amenable. Moreover, it easily follows from Theorem 5.4 that B 0 (SL 2 (R)) is not even (operator) weakly amenable. This contrasts with the above-mentioned results on the amenability of the Fourier algebras, and illustrates the inherent distinction between the Rajchman algebra and the Fourier algebra.
Discrete groups.
Proposition 5.6. Let G be a discrete group which has an infinite Abelian subgroup H. Then, B 0 (G) is not operator amenable. In particular, for any positive integer n, the free group F n with n generators is not operator amenable. In addition, B 0 (G) does not have a bounded approximate identity.
Proof. Discrete groups are SIN-groups, and any subgroup of a discrete group is closed. By Theorem 4.4, the restriction map r : B 0 (G) → B 0 (H) is a surjective completely contractive homomorphism. Assume that B 0 (G) is operator amenable. Then by B 0 (H) is operator amenable as well, which contradicts Corollary 3.4 since H is non-compact. Now assume by contradiction that B 0 (G) has a bounded approximate identity, and let {u α } be a bounded approximate identity of B 0 (G). Then {u α | H } is a bounded approximate identity for B 0 (H) which is a contradiction with Theorem 3.3.
Let G be a discrete group. The group G is called periodic if every element of G is of finite order. The group G is called locally finite (respectively F 2 ) if every finite (respectively two-element) subset of G generates a finite subgroup of G. Clearly the class of locally finite groups is contained in the class of F 2 groups, which in turn is contained in the class of periodic groups. It has been shown in [16] that every infinite locally finite group contains an infinite Abelian subgroup. More generally, every infinite F 2 group contains an infinite Abelian subgroup (see [35] ). The following corollary follows easily from Proposition 5.6. Corollary 5.7. Let G be a discrete group such that B 0 (G) is operator amenable. Then 1. G is periodic. 2. If G is locally finite, then G is finite. 3. If G is F 2 , then G is finite.
We can now characterize the discrete solvable groups whose Rajchman algebras are operator amenable.
Theorem 5.8. Let G be a solvable discrete group such that B 0 (G) is operator amenable. Then G is finite.
Proof. Suppose G is solvable, i.e. it has a series {e} = G 0 ¡ G 1 ¡ . . . ¡ G k = G such that G i is normal in G i+1 and the quotient G i+1 /G i is Abelian for i = 0, . . . , k − 1. we proceed by induction on the length of the subnormal series: Case 1: If k = 1, then G is Abelian and we are done. So we start with k = 2, and assume that {e} = G 0 ¡ G 1 ¡ G 2 = G is a subnormal series such that G 1 and G/G 1 are Abelian. By functorial properties of B 0 , we have that B 0 (G 1 ) is operator amenable as well. Hence G 1 is finite by Corollary 3.4. Now let g 1 , g 2 be two elements in the group G, and let w = g β 2 z for some z in G 1 . Moreover g 1 and g 2 are periodic since the group has an operator amenable Rajchman algebra. Therefore g 1 , g 2 is finite, i.e. G is F 2 . Recall that infinite F 2 groups always have infinite Abelian subgroups, hence their Rajchman algebras cannot be operator amenable. Therefore G is finite.
